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Abstract—Restless multi-armed bandit (RMAB) models
a sequential allocation problem when arms evolve even
while passive (not selected) and observations may be
partial. Finite-state RMABs with perfect observation
are computationally intractable (PSPACE-hard), which
motivates scalable index-based decision rules. Gitfins indices
solve the classical bandit, whereas Whittle’s relaxation
extends indexation to the restless setting and has enabled
broad applications in communications, queueing, and public
health. However, in partially observable models the cost
of computing Whittle indices can dominate runtime due
to (i) belief-space blowup and (ii) repeated linear solvers
within partial conservation law (PCL)/adaptive-greedy (AG)
workflows. In this paper, we present an implementation-
oriented optimization pipeline that leaves interfaces and
index logic unchanged yet substantially accelerates end-to-
end evaluation: (i) hash-guided belief deduplication with
e-radius merging, (ii) shared linear factorization with multi-
RHS reuse, and (iii) batch vectorization with memoized
intermediates. We observe large speedups while keeping
Whittle-myopic runtime gaps within a small, controlled
band. Our study complements modeling and theory by
focusing on numerical and systems aspects that make index
computation efficient for larger instances and tighter time
budgets. We position our work alongside classic results on
complexity and index policies [1]-[4] and recent advances
in RMAB algorithms and applications [5]-[12].

Index Terms—Restless bandit, Whittle index, partial
observability, partial conservation law, adaptive-greedy
algorithm, numerical optimization, hashing, vectorization,
linear solvers.

I. INTRODUCTION

Restless multi-armed bandits (RMABs) model se-
quential allocation when each arm follows Markovian
dynamics and continues to evolve even when passive (not
selected). Closely related stochastic control problems—
e.g., queueing network control—are PSPACE-hard, and
even finite-state restless bandits with perfect observation
are PSPACE-hard. This motivates the use of index-based
heuristics instead of exact dynamic programming at scale

(1], [2].
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Index policies address this complexity. In classical
multi-armed bandits with perfect observation, the Gittins
index gives an optimal policy [3]; Whittle extended
indexation to restless dynamics via a subsidy for passivity
and a relaxation that decouples arms [4]. For finite-state
RMABS, the partial conservation law (PCL) framework
re-expresses indexability and index computation through
linear “work” and “reward” equations on a single-arm
Markov model, and the associated adaptive-greedy (AG)
procedure uses these equations to test indexability and
compute Whittle indices [2], [13]. Such index rules
and near-myopic structures support applications in com-
munications, queueing, and public-health intervention
planning [5]-[8].

In partially observed RMABs, the controller does not
see the underlying Markov state but maintains a belief
state (a probability vector over latent states). Under
general observation models, the set of reachable beliefs
proliferates as we simulate actions and observations to
build a finite embedded belief graph for a single arm,
whose nodes are belief vectors. On top of this belief
graph, the AG procedure repeatedly solves closely related
linear systems to evaluate the performance quantities
required by PCL. In straightforward implementations,
this yields quadratic (or worse) scans for belief dedu-
plication and repeated dense solves with near-identical
coefficients, making even moderate state sizes (M >6)
computationally onerous despite simple per-arm logic
[9]-[11]. The policy form remains attractive, but the
numerics of index computation become the bottleneck.

In this paper, we propose a drop-in numerical pipeline
for PCL/AG-based index computation: we expand reach-
able beliefs into a finite belief graph, build passive
and active belief-transition kernels on this graph, and
solve the linear performance equations that yield the
discounted work and reward functions used in PCL and
their increments. Our implementation accelerates belief
expansion with a hash-guided e-merge, reuses a single
factorization of (I — C%) for multiple right-hand sides
within each AG step, and applies batch vectorization with
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memoized intermediates to the resulting linear systems
and index updates. These changes leave the external
interface and index logic unchanged while materially
reducing wall-clock time and preserving the discounting
scheme, algorithm semantics, and outputs (indices and
indexability flags).

II. PROBLEM SETUP AND BACKGROUND

We study an N-arm restless bandit. Each arm admits
M latent states M = {1,..., M} with passive and
active dynamics, and a belief state w € AM~1 (a
probability vector over M). When passive (a=0), the
belief evolves via a Markov kernel P € RM*M When
active (a=1), an observation o € {1,...,M} (and
possibly an instantaneous reward symbol r) is generated
according to the observation/error matrix F € RM*M
and the reward table R€RM>*M  We assume rows are
row-stochastic (sum to 1) for E' and, when introduced
below, for the induced kernels P°, P, Let 3 € (0,1)
denote the discount factor for future rewards.

Belief updates (observation then transition): We
adopt the timing convention “observe first, then transi-
tion,” which is equivalent (up to an index shift) to the
standard predict—update Bayes filter in POMDPs [14].

For a=0 (passive),
wh =wP.

ey

For a=1 (active), given (o, r) generated from the current
latent state,

M
den(o,r;w) = Zwi Eio1{R;, =1}, 2
i=1
M
Wi B 2 H{R; =1} P
(w‘*‘)j = 2= Wi Eio H{I, r} J . (3)

den(o, r; w)

Zero-probability branches are discarded: we enumerate
(o,7) only when den > 0.

Single-arm relaxation and AG algorithm setup:
Following Whittle’s relaxation, we introduce a passivity
subsidy and work with a single arm evolving on a finite
embedded belief graph. Let

Q=A{w,...,ws}, PC{l,...,S}, A =P¢,

denote, respectively, the finite belief graph, the passive
set, and its complement, the active set. Rows with ¢ € P
use the passive kernel, while rows with ¢ € A use the
active kernel. Define the controlled kernel

Pl /BPO(i?')a Z€P7
C (27)_{Bpl(i,')7 ZEA,

where P°, P! are the passive/active belief-transition
kernels on € (constructed below), and let € RS collect
the expected immediate rewards upon activation at each
node.

Performance systems and AG marginal increments:
Let (14); = 1{i € A} and (ra); = m1{i € A}
The performance vectors 7, W € R® are defined as the
unique solutions of

(I-CP)T =14, I-CPYW =714 (4

Here T' gives the discounted expected number of active
visits and W the discounted expected cumulative reward
under the given passive set P. Since C*¥ = BM with row-
stochastic M and 3 € (0,1), we have (I - CF)~! =
Zt>0(CP)t > 0, hence T" > 0 componentwise (in-
verse positivity) [15], [16]. The (PCL/AG) marginal
increments—action-usage/work and reward/gain—are

A=1,+8(P'-P)T, U=ra+8(P'—P")W,

Q)
and the index ratio U;/A; is formed only for i € A
(roman A denotes the increment vector, not the active
set A). Under PCL-indexability, A; > 0 wherever ratios
are formed; see [13], [17]. Once P° and P! are specified
on {2, Whittle indices follow directly from these linear
systems.

Finite embedding and kernels: From an initial belief
wp, we expand beliefs to depth 7=6 and apply the
quantize-and-merge procedure of Sec. III to obtain the
finite node set €. The passive kernel P° maps the one-
step passive update w; P to its nearest neighbor in €.
For the active kernel, we define

M
pi(ov T) = Z Wi m Em,o 1{Rm,o = 7"},

m=1

7i(0,r) := BeliefUpdate(w;, o,1),

P(i, j) = >

(0,r): (73 (0,1))=w);

pi(oa 7‘),

where II. is the quantize-and-merge projection used in
Sec. III. We then apply a single row normalization for
numerical hygiene (theoretical row sums are 1 in exact
arithmetic) [18]. This finite embedding via quantize-and-
merge is consistent with point-based POMDP practice
(e.g., PBVI) [19] and provides the P°, P! needed by the
PCL/AG equations above.

Terminology: A belief-expansion iteration means
one breadth-first layer on the embedded belief graph:
from the current frontier we apply the passive and active
update operators once, collect all successor beliefs, and
then perform the e-merge; after 7' such iterations we
obtain the 7T'-step approximate state space on which we
run the PCL/AG procedure [10], [19]. This notion of
“iteration” underlies the belief-expansion iterations-per-
second metric in Sec. IV.

ITII. NUMERICAL OPTIMIZATION DETAILS
Our pipeline preserves the external API and the
underlying PCL/AG logic, while improving throughput
via three drop-in numerical modifications.
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(1) Hash-guided s-merge on beliefs: We perform
a breadth-first expansion of (o,7) and passive branches
for T=6 belief-expansion iterations (layers; see Sec. II,
Terminology) and deduplicate beliefs on a quantization
grid (step d=¢/2, default e=5x10"*). Each candidate
belief is first mapped to a hash bucket via its quantized
key; it merges into that bucket if an {5 representative
lies within radius ¢, and otherwise we append a new
node. Branches with zero mass are not generated. Under
standard hashing assumptions, this yields amortized
constant-time expected lookups per insertion [20], in
contrast to quadratic all-pairs distance checks.

(2) Kernel assembly and stochasticity checks: We
assemble PO, P! once per instance, based on the finite
embedding described in Sec. II. For P!, we aggregate
the probabilities of all (o,r) pairs that land on each
neighbor and then normalize once per row; for PO, we
project wP to its nearest neighbor in 2. To respect
the modeling assumption that P°, P!, E have stochastic
rows, we enforce row-stochasticity at the numerical level:
machine-scale negatives (< 107!%) from roundoff are
clipped and rows are renormalized on private copies of
the data structures [18]. This keeps the implemented
kernels consistent with the ideal Markov structure.

(3) Stable linear solves with iterative refinement:
At each AG step, the coefficient matrix (I — C%) is
fixed while the right-hand side changes across the two
performance systems in (4); we therefore reuse a single
factorization within that step (across steps, P changes,
so the factorization is rebuilt). As noted in Sec. II,
(I — C7) is a nonsingular M-matrix for 3 € (0,1)
with row-stochastic M ; here we exploit this property to
reuse a single factorization per step and to apply two-
step iterative refinement [18]. We stop refinement when
|6 — (I—CP)%|ls < 10712, To avoid propagating tiny
negative artifacts of floating-point arithmetic, we clamp
machine-scale negatives in T, W to 0, and clamp U;
only when |U;| < 10714, while logging the number of
clamps. These safeguards do not change the intended
PCL/AG semantics, but improve numerical robustness.

Formal stability statement (projection/merge): We
formalize the effect of e-merge via a standard resolvent
bound and record the statements for reference; proofs
follow familiar perturbation arguments for linear systems
and are omitted for brevity.

Theorem 3.1 (Stability under projection): Fix a passive
set P and let C' = BM and C' = BM be the exact
and projected controlled kernels, where M, M are row-
stochastic and 8 € (0,1). Assume the projection 1. :
AS—1 5 AS—1 ysed to form M satisfies, for some L > 0,

sup ||Hev —wvl|j; < Le. (A1)

vEAS—L

~

Let 2*,7* solve (I—C)ax =b and (I— C)Z = b for the

same right-hand side b (e.g., b =14 or b =r 4). Then

T
(1-5)

Remark 1 (From {5 merge radius to {1 control): 1f
the merge radius is specified in ¢, on AS~! then by
norm equivalence [|z||; < /S ||z||> and (A1) holds with
L + /S Lo, where L is the induced ¢, Lipschitz
constant.

Corollary 3.2 (Decision stability away from ties): Let
(U, A) and (U, A) be the exact and projected increments
built from (4). Suppose A;, A; > amin > 0 forall i € A.
Then there exists an explicit constant

[ = "]l <

(6)

2frlloo | 2I7lloo 2(3
K min 00 = (]— )
(@i Il 8) = 252 1+ 2502 (14 20
such that, for every i € A,
- T = S K Amin, ||T]| oo B 1 a0
17| S Kl ) 5= 5

Consequently, if the gap between the top two indices
exceeds 2K (amin, [|7]|o0s B) BLe/(1 — B)2, the maxi-
mizer is invariant (i.e., stable away from ties). We use
this corollary qualitatively: it explains why, in practice,
moderate € does not change the top-ranked arm when
index gaps are not vanishingly small.

Complexity and memory: Belief expansion visits
|©2| nodes and, with hash-guided e-merge, has amortized
O(|€?]) work under standard hashing assumptions [20].
Kernels are built once in O(|{2|2) arithmetic, and each
AG step performs a single factorization of I — C” plus
a small, fixed number of triangular solves for multiple
right-hand sides in that step. Memory usage is dominated
by storing the belief set ), the dense kernels P°, P!,
and the factorization of I — C”, which are all O(|2|?)
in the generic dense case.

IV. EXPERIMENTS

We address two questions. First, for M € {6, 7,8} and
N € {50,100}, does the optimized pipeline still allow
the Whittle policy to outperform a myopic policy (Q1)?
Second, during Whittle-index computation, how much
faster is the optimized pipeline than the unoptimized
reference, as measured by belief-expansion iterations per
second (it/s) and wall-clock time (Q2)?

A. Setup and data generation

We set 8 = 0.9999 for all baselines and approximate
the state space by capping belief expansion at six
iterations with tolerance 1072, All arms are i.i.d. and
start from each arm’s stationary prior wy under the
passive transition P; when P is not ergodic, we restrict
attention to the relevant communicating class. Each policy
is evaluated with 1,000 Monte Carlo simulations per
instance to estimate average performance.
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Hardware: All timings were obtained on an AMD
Ryzen 9 9950X with 48 GB RAM.

Baselines: Legacy is the unoptimized reference
implementation. Optimized is our numerically improved
pipeline (Sec. III) with e-merge (5x107%), iterative-
refinement tolerance 107!2, and protected divisions.
Interfaces, discounting, and PCL/AG logic are otherwise
identical.

Metrics and fairness controls: We report the pol-

Jwhitte — Jmyopic
YOPL " and the

icy performance gain 100 -
. |me0pic|
throughput in belief-expansion iterations per second

(it/s), measured inside the belief-expansion routine; we
also record per-instance wall-clock time. All runs use
the same (P, F, R, wo, (), the same six belief-expansion
iterations with tolerance 1073, identical stopping rules
and timing methodology, and a 30-minute per-instance
timeout.

B. QI: Effectiveness at M =6,7,8 with N =50,100

Table II reports Whittle-vs.-myopic percentage gains
across all settings. The gaps are consistently positive,
showing that our numerical streamlining preserves de-
cision quality. For illustration, Figs. 1-3 plot reward
trajectories only for N=100 arms; the curves for N=>50
arms show the same pattern and are omitted for space.

C. Q2: Throughput (iterations per second) and wall-
clock

We use two complementary speed metrics: (i) belief-
expansion iterations per second (it/s), measured inside
the belief-expansion routine, and (ii) end-to-end wall-
clock for a complete index computation (state-space
approximation with the six-iteration cap and 1073
tolerance, kernel construction, and all linear solves).

Throughput (belief-expansion it/s): On sizes that
complete under the 30-minute cap, the optimized pipeline
achieves 15.8-fold, 100.7-fold, 540.8-fold, and 2806.3-
fold speedups over the legacy code for the 3x3, 4x4,
5x5, and 6x6 sizes, respectively; see Table I. For
7x7 and 8x8, the legacy code times out, whereas
the optimized code reaches 31.604 and 13.416 it/s,
respectively. To avoid bias, we treat timeouts as right-
censored and do not form speedup ratios for those sizes.

Wall-clock: End-to-end wall-clock shows the same
pattern: under a 30-minute cap, optimized runs finish
across all reported settings, while the legacy 7x7 case
times out (cf. Table I). Profiling the legacy implementa-
tion on 7X7 without a time cap on the same hardware
yields a throughput of about 0.0021 it/s, which is
consistent with these timeouts.

V. CONCLUSION AND OUTLOOK

We studied how to speed up Whittle-index computation
for restless multi-armed bandits with general observation

TABLE I: Throughput (iterations per second, it/s) by
matrix size.

Size (M xM) Optimized (it/s) Legacy (it/s) Notes
3x3 1302.256 82.210
4x4 437.194 4.340
5x5 175.038 0.3236
6x6 73.668 0.02625
X7 31.604 — legacy timed out
8x8 13.416 — legacy timed out

TABLE II: Whittle vs. myopic under the common setup.
Entries show final average reward (higher is better) and
relative improvement (%).

N=50 arms N=100 arms
MxM Myopic Whittle % gain | Myopic Whittle % gain
6x6 23371 25768 10.26 | 23791 2.5906  8.89
<7 23110 24732 7.02 | 23525 25053  6.50
8x8 23044 24384 582 | 2.2586 2.4088  6.65

models from a numerical viewpoint. Without changing
the problem setup, discounting scheme, or PCL/AG
algorithmic logic, we proposed a practical pipeline that
combines hash-guided e-merge during belief expansion,
reuse of a single factorization of (I — C*) for multiple
right-hand sides within each AG step, and numerically
robust linear algebra for the PCL/AG performance
equations. These changes reduce overhead while keeping
the public interface and the definition of the Whittle
index intact.

Empirically, across state sizes M € {6,7,8} and arm
counts N € {50,100}, the optimized implementation pre-
serves decision quality in our testbed: the Whittle policy
consistently beats the myopic baseline (Table II). It also
shortens end-to-end runtime: with belief expansion fixed
at T'=6, the index-computation pipeline finishes reliably
where the legacy code often times out and delivers 1-3
orders of magnitude higher belief-expansion throughput
(Table I). For N=100 arms, reward trajectories remain
stable as M increases (Figs. 1-3), and the curves for
N=50 arms show the same pattern (omitted for space),
indicating that the numerical changes do not degrade
policy performance in these scenarios.

The main limitations are numerical rather than con-
ceptual. The e-merge introduces a bias—variance trade-
off: aggressive merging risks hiding indexability, while
conservative merging gives up speed. Here we fix a
small ¢ that is empirically safe for the model families
studied, but an adaptive choice would be preferable.
Iterative refinement improves robustness of the linear
solves, yet ill-conditioned instances can still inflate
runtime, suggesting value in lightweight preconditioning
and structure-aware factorizations. Our experiments use
synthetic RMAB instances; evaluating the pipeline on
domain-specific real-world workloads is left for future
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RMAB Policy Performance Comparison

Average Reward

—— Whittle Index Policy
—— Myopic Policy
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Fig. 1: Simulation for M =6, N=100 arms.

RMAB Policy Performance Comparison

Average Reward

—— Whittle Index Policy
— myopic Policy

0 25 50 75 100 125
Time

150 175 200

Fig. 2: Simulation for M=7, N=100 arms.

work.

Future work includes adaptive belief compression
(instance-aware ¢ with explicit measures of index-order
stability), more advanced solver engineering (precondi-
tioners, sparse or block-structured factorizations, warm
starts across AG steps), and exploiting parallelism and
hardware acceleration (parallel (o, r) branches and arms,
GPU-backed linear algebra) under the same API. We
also aim to validate the approach on additional structured
domains such as communications and age-of-information
(Aol) systems, queueing, and public health scheduling.
Overall, the numerical pipeline acts as a drop-in replace-
ment for legacy implementations: it preserves policy
quality and indexability checks while making previously
impractical cases (M > 7 in our experiments) feasible
under tight time budgets, and the underlying ideas should
transfer to a broad range of RMAB solvers beyond the
specific setting studied here.
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