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Abstract—We propose a novel flexible and scalable framework
to design integrated communication and computing (ICC) - a.k.a.
over-the-air computing (AirComp) - receivers. To elaborate,
while related literature so far has generally focused either on
theoretical aspects of ICC or on the design of beamforming (BF)
algorithms for AirComp, we propose a framework to design
receivers capable of simultaneously detecting communication
symbols and extracting the output of the AirComp operation,
in a manner that can: a) be systematically generalized to any
nomographic function, b) scaled to a massive number of user
equipments (UEs) and edge devices (EDs), and c) support the
multiple computation streams. For the sake of illustration, we
demonstrate the proposed method under a setting consisting
of the uplink from multiple single-antenna UEs/EDs simulta-
neously transmitting communication and computing signals to
a single multiple-antenna base station (BS)/access point (AP).
The receiver, which seeks to detect all communication symbols
and minimize the distortion over the computing signals, requires
that only a fraction of the transmit power be allocated to the
latter, therefore coming close to the ideal (but unattainable)
condition that computing is achieved ‘“for free”, without taking
resources from the communication system. The design leverages
the Gaussian belief propagation (GaBP) framework relying only
on element-wise scalar operations, which allows for its use in mas-
sive settings, as demonstrated by simulation results incorporating
up to 200 antennas and 200 UEs/EDs. They also demonstrate
the efficacy of the proposed method under all various loading
conditions, with the performance of the scheme approaching
fundamental limiting bounds in the under/fully loaded cases.

Index Terms—ICC, GaBP, Over-the-Air Computing, oppor-
tunistic and massive.

I. INTRODUCTION

The integration of functionalities such as sensing [1] and
computing [2] into communications systems is expected to be
the key differential between the sixth-generation (6G) [3] and
the current generation of wireless systems [4]. However, while
both sensing and computing are equally relevant in expanding
the impact of wireless systems onto the modern way of living,
it can be said that integrated sensing and communications
(ISAC) has proven a somewhat easier task than over-the-air
computing (AirComp), as indicated by related literature which
offers a fast-growing number of transceiver design approaches
for ISAC [5]-[12], while the focus of AirComp contributions
has remained so far on theoretical analysis [13]-[17] and
beamforming (BF) schemes [18]-[20].

In view of the above, this article proposes a novel Gaussian
belief propagation (GaBP)-based [21]-[23] receiver design
framework for integrated communication and computing (ICC)
in which both data symbols and computing signals are detected
in order to yield effective joint communication and computing
functionalities!.
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To this end, we first formulate a system model in which
the communication and computing signals are transmitted
simultaneously by the user equipments (UEs) or edge devices
(EDs), both of which are to be detected by the receiving base
station (BS) or access point (AP). We then derive the relevant
message passing rules to extract the separate data symbol and
computing streams via the GaBP framework, enhanced with
a closed-form combiner design to an optimization problem
incorporating successive interference cancellation (SIC).

For the sake of illustration and simplicity of exposition, in
this first article, the message passing rules are designed to
extract the full set of individual elements of the computing
signal, as opposed to traditional schemes which only estimate
a specific nomographic function, as a step towards extracting
the statistical prior on the aforementioned measurement data.
It can be understood from the derivations, however, that the
message-passing rules for any desired nomographic function,
such as those listed in [24], can also be obtained provided
that the corresponding prior distributions are derived, which
is relegated to a follow-up work.

As a result of the strategy, the proposed framework can
(in principle) be applied systematically to compute any nomo-
graphic function and even to support the simultaneous com-
puting of multiple computation streams. In addition, as a
consequence of the low complexity inherent to the GaBP
framework, the method can be scaled to massive setups, as
demonstrated by simulation results shown for a system with
up to 200 antennas at the BS/AP and 200 UEs/EDs. As a
bonus, simulation results also indicate that the approach is
effective even if the power allocated to the computing signals
is only a fraction of that allocated to communications symbols,
bringing the overall method close to the ideal condition that
computing is achieved “for free”, without exploiting resources
from the communication system.

The remainder of the article can be summarized as fol-
lows. The system model is described in Section II. The
proposed method is then introduced in Section III. Finally,
the performance of both the communication and computing
functionalities is evaluated in Section IV, in terms of bit error
rate (BER) and mean-squared-error (MSE), respectively.

IThe integration of sensing into the ICC framework considered in this
manuscript, which would yield a more complete integrated sensing, communi-
cations and computing (ISCC) problem, is rather trivial under the assumption
that the communication waveforms can be used for sensing purposes via their
reflected echoes, as demonstrated by related literature [5]-[12]. However, due
to space limitations, we leave the sensing component to be addressed directly
in a follow-up work.
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Notation: The following notation is used persistently
throughout the manuscript. Vectors and matrices are repre-
sented by lowercase and uppercase boldface letters, respec-
tively; Ip; denotes an identity matrix of size M and 1,
denotes a column vector composed of M ones; the vector
norm and the absolute value of a scalar are respectively given
by || - || and | - |; the transpose and hermitian operations
follow the conventional form (-)T and (-)H, respectively; R{-1,
${-} and min(-) represents the real part, imaginary part and
the minimum operator, respectively. Finally, ~ N (1, 0?) and
~ CN (i, 0?) respectively denotes the Gaussian and complex
Gaussian distribution with mean p and variance o2, where ~
stands for “is distributed as”.

II. SYSTEM MODEL

We consider an uplink multi-user single-input multiple-
output (SIMO) system composed of K single-antenna
UES/EDs and one BS/AP equipped with N antennas, as
illustrated in Fig. 1. Under the assumption of perfect symbol
synchronization amongst users, the received signal y € CV*1
at the BS/AP subjected to fading and noise is given by

K
y=> hr,+w, 1)
k=1
where the hj, € CNV*1 denotes the channel vector between the
k-th user and the BS/AP with each element h,, ;, ~ CN(0,07);
xx € C is a concatenated transmit signal from k-th user and
w € CV*! ~ CN(0,021y) represents the additive white
Gaussian noise (AWGN).

For the incorporation of both communication and computing
functionalities into the system, the transmit signal can be
decomposed and defined as a sum of its communication and
computing parts, respectively, as

zi = di, + i (sk), ()

where d;, € D and s; € R? denote k-th user’s modulated
symbol for communication and computing, respectively, with
D representing an arbitrary discrete constellation (e.g. quadra-
ture amplitude modulation (QAM)) with cardinality D; while
¥y () denotes the pre-processing function for AirComp.

Adhering to the computing aspect which requires the com-
putation of an AirComp target function at the BS/AP, we
define f(s) which can be described as

K K
f(s)=¢ (Z W(%)) = sk, 3)
k=1 k=1

where ¢ represents the post-processing function for a general
nomographic expression. For the sake of simplicity, the arith-
metic sum operation is chosen in this manuscript for the target
function f(s).

2While the computing aspects usually incorporate the computation of
a nomographic function composed of real variables [14], the extension to
complex variables is trivial and holds for all the consequent derivations in the
manuscript.

;
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. UE/ED 1 Estimate d & compute f(s)
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é, Sk di; = s
UE/ED k () __,,r"/—— BS/AP with N antennas
é Fx.di

UE/ED K

Fig. 1. Illustration of a SIMO ICC system consisting of one BS/AP with N
antennas and K single antenna UEs/EDs.

For later convenience, the received signal can now be
reformulated in terms of matrix operations as

y=Hzx+w=H(d+s")+w, 4)
where the complex channel matrix H £ [hy,...,hg] €
CN*K the concatenated transmit signal = [z7,...,7x] €

CHE>1 the data signal vector d = [dy,...,dx]" € CE*1 and
the computing signal vector s¥ = [1h1(s1),..., Yk (sk)]" €
REX1 are explicitly defined.

III. PROPOSED INTEGRATED COMMUNICATIONS AND
COMPUTING RECEIVER DESIGN FRAMEWORK

In this section, we consider a joint data and computing sig-
nal detection scheme termed ICC using the well known GaBP
algorithm. Without loss of generality (w.l.g.), the modulation
for communications is assumed to be quadrature phase-shift
keying (QPSK) and the k-th user’s signal for computing is
assumed to follow s ~ N (s, 02).

Since the goal of AirComp is to estimate a certain function
that depends on the computing signal s, the assumption that
the mean of the elements ps is known is restrictive and has to
updated iteratively with its corresponding estimates as detailed
in the subsequent subsections.

A. Joint Detection and Computing

We now consider the joint estimation of the data symbols
and the computing signals to fully recover the estimated data
vector d € CK*1 and the nomographic function f(s) € R via
the GaBP technique. As a consequence of the general element-
wise structure of the GaBP, we can formulate a bivariate set
of message passing rules where the data signal vector d and
the computing signal vector s can be estimated separately,
each with their own Bayes-optimal denoisers for the best
decoding/computing performance.

To that end, in order to derive the scalar GaBP rules, let us
first express equation (4) in an element-wise manner, dropping
the superscript v for convenience, as

K K
Yn = Z hn,kdk + Z hn,ksk + Wy, (5)
k=1 k=1

Next, consider the ¢-th iteration of the algorithm, and denote
the soft replicas of the k-th communication and computing
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symbol with the n-th receive signal y,, at the previous iteration
respectively by dEZ_;l and §(Z_1)
Then, the MSEs of these estimates computed for the i-th

iteration are given by

620 2 Ey[ld— d V1) = Bp — [d V12 (0, k), (6a)
~2(7 ~(i—1
s(n)k £ E U EL k )| ],V(n,k), (6b)

where E; and E; respectively refers to expectation over all the
possible symbols in the constellation D and the expectation
over all the possible outcomes of s ~ AN(us,02) with Ep
explicitly denoting the data constellation power.

1) Soft Interference Cancellation: The objective of the soft
interference cancellation (soft IC) stage at a given i-th iteration

of the algorithm is to utilize the soft replicas ciff ;1) and

A(l Y from a previous iteration to calculate the data- and

computmg -centric soft IC symbols y((i 21 5 and y(.) with their

s,k
correspondi 52(0) 2()
ponding variances 7.,/ Sk

Therefore, exploiting equation (5), the soft IC symbols for
both the data and computing signals are given as

k and &

Gatmge = U = D Pngdily =

§ hn ksn ko

vt X (7a)
= Ao rdy + Zh”'q dg — dgf,q )+ Zhn,k(sk — §£:,)k) + W,

q#k k=1

interference + noise term
ys nk =Yn — Z hn qsn q Z hn kdn ko (7b)
q#k )

- h7L,k5k + Z hn,q q §£7,)q) + Z h7L,k(dk - d'(n,Z)k) + Wn,

q#k k=1

interference + noise term
In turn, leveraging scalar Gaussian approximation (SGA)
to approximate the interference and noise terms as Gaussian
noise, the conditional probability density functions (PDFs) of
the soft IC symbols are given by

~ (%) he ods |2
~(1) yd:n k— Ink k'|
py((ibzlk‘dk (yd:n,k|dk) X €xp [_ ~2( ) ) (8a)
04 n,k
~ (1) 2
~(2 | 5 n, n ksk|
p (i) sk (yizl,ﬂsk) X €xp [ k~2( ) ’ (8b)
S n, S n k
with their conditional variances expressed as
. 2(i 2 .2(i
dnk_zvl ,Q| dn)q—’_z‘hn“ s(nk+012u’ (921)
q#k
&k = O gl E(T?q+2|h P A

q#k

2) Belief Generation: With the goal of generating the beliefs
for all the data and computing symbols, we first exploit SGA
under the assumption that V is a sufficiently large number and
that the individual estimation errors in d(l D and § (Z 1) are
independent.
Therefore, as a consequence of SGA and in hand of the
conditional PDFs, the extrinsic PDFs are obtained as
d — Cf(i) 2
[Trs0 (’“"k)] . (0w

yqu\dk) o exp =70

qF#n Ud:n k
5
(Sk - n k)
J 20 (32 lsx) o< exp [ ——m |, (10b)
q#n s,k

where the corresponding extrinsic means are defined as

h* ~()

dV =65 .3 "ff{f‘”ﬂ (11a)
g#n  Tdig,k
b - Mardi
L R (11b)
q#n siq,k
with the extrinsic variances given by
-1
_ h
ok = 2 ‘J(l , (12a)
q#n qu k
-1
(i hqk
R Y |~§<1| (12b)
q;én s:q,k

3) Soft Replica Generation: This stage involves the exploita-
tion of the previously computed beliefs and denoising them
via a Bayes-optimal denoiser to get the final estimates for
the intended variables. A damping procedure can also be
incorporated here to prevent convergence to local minima due
to incorrect hard-decision replicas.

Since the data symbols originate from a discrete QPSK
alphabet, w.l.g., the Bayes-optimal denoiser is given as

" R{d S{d)
d¥, =g tanh| 2c4— "= {d) + jtanh 2cd{7’?”“ ., (13)
2 =2(%) =2(1)
Od:n.k Oden,k
where cq £ \/Ep/2 denotes the magnitude of the real and
imaginary parts of the explicitly chosen QPSK symbols, with
its corresponding variance updated as in equation (6a).
Similarly, since the computing signal follows a Gaussian
distribution, the denoiser with a Gaussian prior and its corre-
sponding variance is given as 3
j 0232 )k + Us(:z)kﬂs
Sk =~ , (142)
+o02

snk

31t is worth noting that if the post-processed computing signals have zero
mean, the Gaussian denoiser will only depend on the extrinsic means and the
computing symbol variance.
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2(1
~2(7) 0’20’8 (n)k:

Us:n,k - 72(1) (14b)

k+02

After obtaining dg)k and 3 () as per equations (13) and
(14a), the final outpufs are computed by damping the results
with damping factors 0 < (4,8 < 1 in order to improve
convergence [25], yielding

dﬁj}k = Bady + (1 — Ba)d' Y, (15a)
= B8 + (1= Bo)s Y (15b)
In turn, the corresponding variances 05( ) and o 20 )k are

first correspondingly updated via equatlons (6a) and (14b)
respectively, and then damped via
&2(1) = ﬁdadn g+ (1= Ba )63(; e

A2(7, 1)
s,k °

(16a)

~2(1

Usnk_BS snk+(1_68)

Finally, as a result of the conflicting dimensions, the con-
sensus update can be obtained as

* ~(7fmax)
|Pn 1] by kYam ok
dy = <Z ~2(imar) Z 520m) |7 (172)

dn k n=1 din,k

x  ~(4)
A(z ‘hn k| hn kYs:m ke
Sl (Sl (S L,
O, n, k n=1 sin,k

where we take advantage of the fact that s is real.

(16b)

B. Closed-form AirComp Combiner Design

For the computation of a target function ) _ sy, at the BS/AP,
let us first reformulate the combining of the residual signal
leveraging equation (4) after SIC of the estimated communi-
cation signal d as

f(s) = u"(y — Hd) = u"(H(s —d) +w),  (I8)
where u € CV*! denotes the combining vector, and we intrin-
sically define a data signal error vector* d £ d — d € CK*1,

Leveraging the above formulation, let us consider the opti-
mization problem given by

e . R 2
minimize  |[f(s) - f(s)[2, (19)
where the objective function is defined as
£ ()= f()3 21k s—u"(H(s—d) +w)[3.  (20)

Then, the closed-form solution for the combining vector can
be derived as

u=(H(cIx + QH" + 621y) ' Ho?Iglg, (21)

where Q 2 E[dd"] is the final instantaneous variance of the
data signal computed via the GaBP.

C. Joint Integrated Communication and Computing Design

We now combine the low complexity GaBP with the closed-
form AirComp combiner to estimate both the data signal d and
obtain the computing function f (8). The complete pseudocode
for the procedure is summarized in Algorithm 1.

4d is equivalent to the MSE of the data signal vector & d(;"‘,‘:)
over all n to satisfy the conflicting dimensions.

averaged

Algorithm 1 Joint Data Detection & AirComp for Integrated
Communication and Computing Systems

Input: receive signal vector y € CN*!, complex channel
matrix H € CN*E maximum number of iterations imay,
data constellation power Ep, noise variance 0120, computing
signal variance crg and damping factors Sy, Bs.

Output: d and f(s)

Initialization
- Set iteration counter to ¢ = 0 and amplitudes ¢4 =

Ep/2.

- Set initial data estimates to J(OL = 0 and corresponding
variances to 03( )k = Ep,Vn, k.

- Set initial computing signal estimates to é(OL =0 and
corresponding variances to & (O)k =o2,Vn, k.

- Set u(o) =0.

for : = 1 to iy do
Communication and Computing Update: Vn, k

1: Compute soft IC data signal gj((;L . and its corresponding

variance &Z(i) from equations (7a) and (9a).

~ ()

sink and its corre-

2: Compute soft IC computing signal y

sponding variance ai(n) . from equations (7b) and (9b).

3: Compute extrinsic data signal belief d(z

sponding variance 52(7?1@ from equations (11a) and (12a).

()

* and its corre-

4: Compute extrinsic computing signal belief 5,7 and its

corresponding variance 7 (n)k from egs. (11b) and (12b).

5: Compute denoised and damped data signal estimate cifj)k
from equations (13) and (15a). 7

6: Compute denoised and damped data signal variance &,
from equations (6a) and (16a).

7: Compute denoised and damped computing signal estimate
§(Z)k from equations (14a) and (15b).

8: Compute denoised and damped computing signal variance

&0 from equanons (14b) and (16b).

Os. n,k

9: Compute s Vk usmg equatlon (17b).

10: Update " = LSr 3
end for
Communication and Computing Consensus:

11: Calculate dy, Vk (equivalently d) using equation (17a).
12: Compute w from equation (21).

13: Compute f(s) from equation (18).

(1)

IV. PERFORMANCE ASSESSMENT

For all the numerical simulations carried out, the total
transmit power is held constant at 1 with 99% of the power
allocated to the data signal and 1% of the power allocated to
the computing signal to minimize the distortion to the overall
transmit waveform, allowing for the exploitation of all the
degrees-of-freedoms (DoFs) in waveform design for commu-
nications and/or sensing. In addition, the computing signal is
assumed to follow s ~ N(0,02) and the channel coefficients
follow h,, , ~ CN(0,1). Similarly, the algorithmic parameters
are set as 34 = 0.5, 85 = 0.8 and i, = 30.
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A. Numerical Results

For the numerical evaluation of our proposed method, we
first consider a typical uplink system composed of a BS/AP
with N = 10 antennas servicing a varying number of single-
antenna users that are categorized into the underloaded, fully
loaded and overloaded scenarios with K = 2, K = 5 and
K = 10 users, respectively’.

Consequently, Fig. 2 now showcases BER and MSE results
for the estimation of d and f (s), respectively, for all three
aforementioned cases as follows: the linear bound is obtained
by running the proposed algorithm under the assumption that
one of the estimates is perfectly known (i.e., for the case
of data detection, the computing signals are assumed to be
known and vice-versa); the result illustrated by the white
circles is computed by running the proposed algorithm as it is
and finally, the red dashed line presents the results under the
assumption that the computing signals follow s ~ N(0,02),
leading to ps = 0.

As demonstrated by the results, we see that all the vari-
ations, with more emphasis on the fully and underloaded
cases of the proposed algorithm approaches the linear bound
in terms of BER with a slightly higher BER seen by the
high performance result. In addition, although the fully and
overloaded scenarios experience an error flow for the BERs
at higher signal-to-noise ratios (SNRs), these effects can be
overcome with larger system sizes as seen from our next result
in Fig. 3 and can also be mitigated via methods such as channel
coding and iterative damping [25] for lower system sizes.

BER and MSE Performance of the Proposed ICC Algorithm

BER Performance
(N =10, Ep = 99%, 0% = 1%)

MSE Performance
(N =10, Ep = 99%,02 = 1%)

1 U(i

X
K=5 N K=10
S \S B
102} X ®
\ \
\
= = N \@
m w0
m = K=2{ \\ ) \\
\
1073}
\
\
— O —Prop.
— ¥ — Prop. (w/o lines 9 & 10)
Linear Bound
106 I I I I I I 104 I I I I I I
/\,Q b N RN BN qﬁn /\Q ho) Qv N B N q‘p
SNR (dB) SNR (dB)

Fig. 2. BER and NMSE performance of the proposed algorithm for the
overloaded, underloaded and fully-loaded scenarios.

SNotice that as a result of the bivariate estimation carried out, the fully
loaded case is actually when N = 10 and K = 5 since a total of 2K
variables in the form of data and computing symbols need to be estimated
from N factor nodes.

BER and MSE Performance of the Proposed ICC Algorithm

BER Performance MSE Performance
(N =200, Ep = 99%, 02 = 1%) (N =200, Ep = 99%, 02 = 1%)

10° 10¢

BER
MSE

F|— O —Prop. (K =200)
— O —Prop. (K =100)
— O —Prop. (K =50)

Linear Bound
10-7 ‘ . 105 ‘ . . A
-20 -15 -10 -5 -20 -10 0 10 20 30
SNR (dB) SNR (dB)

Fig. 3. BER and NMSE Performance of the proposed algorithm in massive
systems for the overloaded, underloaded and fully-loaded scenarios.

Next, we consider a similar system setup but with a much
larger number of N = 200 antennas servicing a varying
number of single-antenna users that are also categorized into
the underloaded, fully loaded and overloaded scenarios with
K = 50, K = 100 and K = 200 users, respectively,
to demonstrate the efficacy of the proposed algorithm for
enabling ICC in massive scenarios.

As seen in Fig. 3, the BER improves significantly with a
larger system which can also be attributed to the strengthening
of the SGA utilized in the belief generation stage with the
best performance seen by underloaded systems as expected.
In addition, considering the MSE performance for computing,
we see that the under and fully loaded scenarios reach the ap-
propriate bounds in terms of performance with the overloaded
case not too far behind as well, with the distinctions in the
variations explained by the increasing variance with a larger
K as opposed to the BER results.

B. Complexity Analysis

Due to the low complexity nature of the GaBP framework,
the resulting per-iteration computational complexity order for
the initial communication and computing update is O(NK)
which is linear on the number of element-wise computations
performed. However, since the final closed-form computing
combiner on line 12 of Algorithm 1 requires one matrix
inversion of size N x NN, the computational complexity order
for the latter combiner is O(N?).

V. FUTURE/FOLLOW-UP WORK

A. Generalized Nomographic Functions

The following are some distinct nomographic functions
whose prior distributions can be exploited for ICC, under the
assumption that the individual elements are independent and
identically distributed (i.i.d.) and s ~ N (ps, 02).
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TABLE I
EXAMPLES OF SOME NOMOGRAPHIC FUNCTIONS AND THEIR PRIORS.
Description f(s) Prior Distribution
Arithmetic sum Zszl s | ~N(Kus, Ka?)
Arithmetic product Hszl Sk [26]
Max operation mlzjx{ Sk} [27]
Min operation rr}cin{s K} [27]

We also remark that if there exists some non-trivial nomo-
graphic function whose prior distributions cannot be computed
analytically, they can, for example, be approximated via tech-
niques using Gaussian mixtures or Jacobian methods [28].

B. Multi-stream Computation

Nomographic functions from the same/different streams
of signals can also be computed together or separately via
the proposed method, provided that there exists some prior
distribution with the key advantage being the increase of
only one incorporated variable to be estimated in the belief
propagation framework.

VI. CONCLUSION

In this manuscript, we proposed a novel framework for the
design of practical ICC receivers, with an emphasis on the flex-
ibility and scalability of the systems. Moreover, the resulting
receiver framework, which seeks to detect all communication
symbols and minimize the distortion over the computing
signals, requires that only a fraction of the transmit power
be allocated to the latter, therefore coming close to the ideal
condition that computing is achieved without sacrificing any
communications capability. The key scalability enabler in this
case is the utilized GaBP structure relying only on element-
wise scalar operations, enabling its use in massive settings,
as demonstrated by simulation results incorporating up to 200
antennas and 200 UES/EDs. Finally, further numerical simu-
lations also demonstrate the efficacy of the proposed method
under all various loading conditions, where the performance
of the scheme approaches fundamental limiting bounds in
under/fully loaded cases with a very low complexity.
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