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Abstract—In this work, we investigate uplink communication in
Semi-Blind Cell-Free (CF) Massive Multiple-Input Multiple-Output
(MaMIMO) systems. A key challenge in CF MaMIMO systems is pilot
contamination, which arises when multiple user terminals (UTs) share
the same pilot sequence due to an imbalance between the number of UTs
and the length of the pilot sequence. Semi-blind approaches have been
proposed to address this issue by enabling access points (APs) to jointly
estimate both the channel and user data. This joint estimation, however,
leads to a bilinear problem. To develop a tractable algorithm that exploits
the finite alphabet of the user data, we analyze the constrained Bethe
Free Energy (BFE) of the bilinear system and propose a message-passing
algorithm based on minimizing the constrained BFE. We decompose
complex quantities into in-phase and quadrature components, removing
circular Gaussian constraints. Additionally, we find that replacing normal
covariance constraints with average covariance constraints significantly
reduces computational complexity. Simulation results indicate that this
simplification incurs negligible performance loss.

I. INTRODUCTION

In Cell-Free (CF) Massive Multiple-Input Multiple-Output
(MaMIMO) systems, user terminals (UTs) are simultaneously
served by all access points (APs) in a given region. A significant
challenge in CF MaMIMO systems is pilot contamination, which
occurs when the number of users exceeds the length of the pilot
sequences. Consequently, APs cannot estimate the channel solely
based on pilot sequences. To address this issue, semi-blind channel
estimation is employed [1]. In Semi-Blind settings, APs jointly
estimate the channel and user data based on received signals and
limited pilot sequences.

A. Prior Work

Bayesian estimation in semi-blind structures holds significant po-
tential [1], but it also presents challenges due to high-dimensional
and intractable integrals. Message-passing algorithms, particularly
Expectation Propagation (EP) [2] and Belief Propagation (BP) [3], are
widely used in Bayesian estimation. Both EP and BP assume a fac-
tored joint probability density function and simplify high-complexity
global inference problems into manageable local inference tasks. EP
further reduces complexity by approximating the factors of the joint
pdf with simpler forms, such as Gaussian distributions.
Variable-Level EP (VL-EP) was introduced for Gaussian input data
by combining Expectation-Maximization (EM) with EP [4]. To
improve its convergence properties, hybrid EM-EP and loop-free EM-
EP algorithms were proposed in [S]. However, these approaches are
not designed to handle user symbols from finite alphabets.

1) Expectation Propagation for Gaussian Mixture Models: The bilin-
ear combination of a Gaussian distribution (e.g., channel distribution)
and a discrete distribution (e.g., input data distribution) leads to a
Gaussian Mixture Model. To address the limitations of VL-EP, a

2) Bethe Free Energy: The Bethe Free Energy (BFE) is another
powerful tool for Bayesian inference. It represents the variational
energy of a factored joint pdf under a specific trial distribution, whose
form is determined by the factorization scheme of the joint pdf. It
has been demonstrated [9] that various message-passing algorithms,
such as EP and BP, can be derived by optimizing BFE under different
constraints on the trial distribution.

Hybrid Vector Message Passing (HVMP) [10] was proposed based on
BFE optimization, introducing a mean-field constraint for the bilinear
factor. However, this method does not account for finite alphabets and
entirely neglects the correlation between the channel and data.

B. Main Contributions

We propose a low-complexity algorithm for semi-blind channel
and data estimation, leveraging a framework based on BFE con-
strained optimization. To effectively handle posterior interference,
we introduce an auxiliary variable, which enables a more tractable
optimization process. Unlike prior works such as [6] and [8], our
method treats the entire data sequence of a single user as a single
atomic variable, significantly simplifying the estimation procedure.
To address non-analytical integrals that arise during posterior estima-
tion, we incorporate mean-field assumptions into the belief factors
by including delta functions. This approximation streamlines the
derivations and reduces computational complexity. Furthermore, we
derive the algorithm by separating complex quantities into their in-
phase and quadrature components.

Lastly, we introduce a covariance averaging operation to further
minimize complexity while maintaining robust performance. This
combination of methods ensures a computationally efficient and
scalable approach to semi-blind estimation.

II. SYSTEM MODEL

We examine the uplink cell-free semi-blind network containing K
single-antenna user terminals (UTs) and L access points (APs). Each
AP is equipped with M antennas. The received signals of the [-th
AP is

~

(Y, Y] =[X] XT|+[V,, Vi]ec " q

CMXK CPXK

where H; € models the channel matrix, ip €
models the pilot sequences of all the users, X € CT*¥X models
the transmitted data sequences.

The complex model can be transformed into in-phase and quadrature
representation

distributed bilinear-EP algorithm was proposed in [6], which adopts %[S/\{pyl] R[Y ] _ R[H,] _C\}L 1] %[X;} %[)ET} +V
a brute-force approach to inference over finite alphabets, avoiding Y, QY] SH]  RH] | |9X]] S[XT] ’
high-dimensional computations by considering only one data symbol R N 2)
at a time. Inspired by [6] and [7], the authors of [8] proposed a where V — { [Yp,z] %[Yz}
simplified decentralized bilinear-EP algorithm. (Vo] SV
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For simplicity, we define the following notations

%[?p,l]} R R[H]
-Y- bl

H
Y — o
Pl H

S[ p,l] %[ z}

T
~ ~ T
Trr = R[Tr]; Tr,s = S[Tk]; X! = [ #ﬂ ;X = Vec[X;]
LTr,S

We assume that H; is column-wise independent, with the distri-
bution of its k-th column given by hy, ~ N(hy|0,Zy,, ). Let
S = {s1,...,s/s} denote the set of symbol constellations. Each data
symbol is assumed to be independent of others, with a distribution
p(@kt), where @y, represents the ¢-th column of Xg.

The power of each pilot sequence (complex) is assumed to be Po2.
The noise is modeled as additive white Gaussian noise (AWGN),
with each entry in 'V having power o2 /2. For simplicity, we define

02
Cu == TI
A. Orthogonal Pilots

When orthogonal pilots are used, we correlate the received pilot
signals Y, ; with the g-th pilot sequence Z, 4 (not to confuse with
the pilot sequence of the g-th user) to obtain the correlated version
of the received pilot signals ¥, i4:

~ o~ g ~
Ypig = YpiZp g = PorHig, LG, + Upg, 3)

where we use Gy to denote the UTs groups using the g-th pilot
sequence. The columns of H;g, are composed of the complex
channel coefficients Correspondlng to the users using the g-th pilot,
i.e., hy is a column of Hle if £, = Tp,g. We denote vy 1y =
\A/pylmpyg which is the transformed noise following a distribution
CN(0,0202P1,). The complex expression is transformed into in-

phase and quadrature expression. Denote

_ R R
Gotp = | R sl @
ST S{vg]
Thus, we have
?jp,lg = Poi Z hy, + 1797 )

keGy

2_2
where Uy ~ N (vg|0211, UUZIPIQM). For simplicity, denote C, , =

2
ocloiP .
I>ns and define H;¢ , o be a matrix whose columns are h;y

such that k € G4 and its vectorization h;g, = vec(Hiq, ).

B. Factored Joint Distribution

Introduce an auxiliary variable

Zuy, = Hyp X = hyxg . + Shypas (6)
where

S = [IM ‘IM} CHyo= [hy Shyl. %)
The vectorization Zj, can be represented as z;x = vec|[Z].

Therefore, the likelihood of Z;; is captured by Dirac function
p(zlk‘hlk, .'Bk) = 5(Zlk — hlkm;}r?,k — Shlkwg,k). The joint proba-
bility density function (PDF) can be derived as

p(Yp 113, Yy, Zy ey, Hyy, X)

= [ 1p(YulZugy) [ T [ P(Zr bk, i)
! Uk
[111r@si Hic,) [ [ p(2).

(®)

For simplicity, we define
sz (Zl{k}) X p(Yl‘Zl{k}); fhzcg (hng) X p(ﬂpJS]v Hng)
Joo (®k) = p(28); for, (Zik, ik, 2r) < p(Zik |k, ).

The factorization given by (8) admits a factor graph [3]. We denote
F = {le,fhlcg s fay, 0k} as the set of all factor nodes and V =
{zik, hyk, xr} as the set of all variable nodes.

(C)]

III. BETHE FREE ENERGY OPTIMIZATION FRAMEWORK
Bethe free energy is the approximated variational free energy between
the true probability (8) and a constrained Bethe approximation trial
function. For a given factored pdf p, its trial pdf b is obtained by:

br. (B4
0) o [[ fu(6a) = b(6) = % (10)
S.t.
Y, 0, € O, /bfa(ea)dO;:bei(Qi) (1

where |N;| denotes the number of factors f, that contain 6; and 6;
denotes all the variables except 6;.
With (10)-(11), the BFE can be obtained as

W fa(6a)=)" Dby, 1 £2) +Z(\N¢| —1)H(bo,),

(12)
where we define D(b||q) = [b(6)In %d& and H(-) as entropy.
It is worth noticing that (12) only holds if the factorization (10) is
loop-free and strict constraints (11) are applied. Otherwise, (12) is

only an approximation.

BFE=D)|b(0

A. Bethe Approximation with Constraints
Following [9], the BFE of (8) is:

BFE = Y Dby, (ziiky) || fo, (Z1(3)]
l

+> D[ bty (MG, fig, (uc,) +ZD[bfmk (@) || far (k)]

l,g
+ > Dlbsyy (zn, bk, @) | fory, (zns bk, @)Y Hbay, (2x)]
Lk Lk
+ > Hibn, ()] + Y L+ Hlba, (zx)]. (13)
Lk k
where all the factor-level beliefs by, , bs,,, . bfhlc bf,, , and

variable-level beliefs by, , bz, , bz, are proper distributions normal-
ized to one. Furthermore, to make all these factors consistent, the
variable-level beliefs must be the marginal distribution of the factor-
level beliefs. For all [ € [1, L], k € [1, K], the constraints for the x
are

/balk(zzk,hzmwk)dzzkdhm = ba,, (k) (14)

However, satisfying the strict constraints of h;; and z;, will lead
to an intractable problem. Therefore, we relax the strict constraints
to first and second-order moment constraints (specifically, mean and
covariance constraints). W.l.o.g., we denote those sufficient statistics

as ¢hlk (hlk)’ ¢Zlk (Zlk)

By, [0a (zin)] = Bo,,, [fa (211)] (16)
Es,, [¢Zlk (zuk)] = Ebzlk [()bzlk (zuk)] an
Ebp, o [0ny (hur)] = Eop, [fny, (Bue)] (18)
Bos,, (&0 (k)] = By, [fnyy, (huk)] (19)
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Moreover, to make the further derivation tractable with finite input
X, we only consider the average covariance constraints of elements
within every size-2M block V¢ € [1, T, [Zuk|oar(t—1)+1:201¢-

B. Bethe Free Energy Optimization

The optimization criteria can be concluded by

min BFE
b (20)
s.t. (14) ~ (19).

We observe the term D|bs,, (Zik, huk, €k )||0(Zy — hlka)] in (13).
Since we need to minimize the BFE, the posterior factor bs,, must
contain the factor §(Z;, — hyx)) to avoid infinity BFE value. In
order to have an analytical algorithm, we use the following mean-field
approximation for the joint belief bs,, :

b5h Ik (hlk)b5m ik (

where the belief bs, ,, and bs, ,, are beliefs normalized to one.
By using Lagrangian method, we can obtain the following message-
passing style system of equations along with (21):

bs,, (zuk, hug, ) = K)P(Zik |, zx),  (21)

bra, (zugny) =p(Yilzagny) | [t (20) (22)
k
bine (Mic,) = p(Upigs hic,) [T tnisn,, () 23)
’ ke, g
bfe, (Tk) = P(Tk) i fay, (T) 24)

.
béhylk(hlk): - (hlk)eﬂ)‘sm’lk(wk)ln Kz oy, (Vec(hppey))dey, (25)

: T

bs, (@ ):pwk;glk(mk)ejbéhvlkmlk) In pigy, 5, (vee(hypzy))dhyy (26)

bz, (Zik) = Payyifa, (Zik) Bays6, (Zik) 27

by (hik) = iy (k) om0, (hik) (28)
L

bay, (Tk) = [Mmk:fmk (wk)Humk;tszk (wk)]l/ ) (29)

1
The equations (21)~ (26) describes the factor level beliefs while
(27)~(29) are variable level beliefs. For all f € F, 0 € V, we
interpret pg,s as the variable to factor message. Furthermore, we
can define the factor to variable messages such that the following

relation holds [11]
Vf € N(e)v /’L‘g;f(e) = H N’f’;e(g)

F'eEN(0)/{f}

(30)

where N (0) denotes the neighborhood around @ in the corresponding
factor graph. Thus, (29) can be rewritten into the message passing
form

bz, (k) (31)

= Hfay o (k) H 1y (k)
1

Since the sufficient statistics we consider here are first and second-
order moments, the messages Ffn g, shies Pougshigs Pz, and
6,12, are all (unnormalized) Gaussian distributions.

IV. ALGORITHM DERIVATION
A. Message from 0y, to xy,

By satisfying the constraint (14) between (26) and (31), we obtain
the iterative updating expression for the message from §;x to @i:

S ooy, g (ug) Inpigy 5, [A(hyg)ak]dh

Boypsmy (T) = € e ’ ) ) (32)

where fiz,, 5, (Zik) and we define the linear

transformation matrix

A(hip) =Ir ® [hy

Pty ia (k)

Shy] . (33)

For simplicity, denote

Hi, = [hie  Shy]. (34)
The message uz,,;s5,, can be explicitly described as
B0 (Zik) = N (2ik| Mz, 56, Cagionn)s (35)
where Cy,, ;s,, 18 a 2T'M x 2T'M block diagonal matrix
Czypi6, = blkdiag(Czyy 1605 - Cappessinsr - - - s Cappriore ), (36)

with blocks of size 2M x 2M and the operation blkdiag(-) forms
a block diagonal matrix the same way as defined in MatLab. The
expression in (32) expands as a Gaussian distribution of xy.

We denote the first and second-order moments of the belief of hys
at factor node d;; as

By, [hux] = Eiy, hishie] = Rys . (37)

mbéhm 5

The corresponding covariance matrix of & can be computed from
(32) as

Cs,piei, = bIkDiag(Cs,y 25 - - Coppranes - - - Copranr)  (38)
where
—1
Voukszre, wr VoikiTre, RS
Copiare = ' o s 39)
Voikizpe, s VoikiTht, oo
Véikizrhe, R — tr[C,, zl“ Sk bahlk}
Vé1kizhe, s — tr[ zlktv‘slk Rb‘;hlk]
c g7 (40)
Vérkszpe, a0 — tr| z,k,,é,kaahlk ]
T
VoikiThe, 5 tr[ zlktv‘slk Rb5 S ]

hyp

Similarly, the mean of the feedback Gaussian message is obtained by
the integral

T
MGy, = (005, s ] s 1)
where
T -1
meg,,;ap, = C5m%ﬂ>kth5~ Cz,h,élkmzlkt:ézw (42)
with Mb‘;ﬁlk - [mb‘shzk mbéhzk}'
B. Message from xy, to o1, and the Belief by 1,
Due to (14), (26) and (31), the belief of xx at &% is
b5 11 (Tk) = by (Th) = M6, (Th) o5 (T1)
- N c,.) @
p(k) H/’L‘Slk‘vmk (@k) < p(ze) N (zk[My|a), Cyjazy )
1
where
-1
—1
Cyla\,= <Z Célk,wk> ; Mylz, =Cylay (Z Cém;:ﬂkm5lk§wk>
1
(44)

Due to the block diagonal structure of the covariance matrix, we
denote the ¢-th block as

Cylzy, = [Cylaila—1)+1:2020- 1) 41520

(45)

Myz,, = [Myla, Jo@—1)+1:20
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The symbol-wise posterior mean and covariance matrix for @y,
according to (43) are

1
= 2 > cuplai = SN (silmyey, Co)

mbw,kt
ba,kt — chs p Tkt = Sl)N(S”my\wkt’Cy\mkt)
T
- mbw,ktmbm,kt’

where Z = >, p(xre = 8:)N(si|mMyja,, Cylzy, )
Combine the symbol-wise means and covariance matrices into
sequence-wise mean and covariance matrix

T
T T

my = [mbm,kl ) ) mbm,kT] (46)

wa,k = blkdiag(wa)M geeey Cbm,kT)

Thus, the posterior means and covariance matrices of the real and
imaginary parts become

My, 5 = Flmbm,;d mp,, = Fom,,

Cbm,k,irm = Flcbm,kF1T3 Cbm,k,ms = Flcbm,kFZT
Co,pan = cmbm,kF;—; Cy = FQCbm,szT

47)
.k, S

where Fi = It @ [1 0], F» = Ir ® [0 1]. It is easy to see
that Cy,, , 5y is @ T' X T diagonal matrix where the 7-th diagonal
entry corresponds to the top-left elements of the 7'-th block matrix in
the block diagonal matrix Cy,, , . Similarly, Cyp,, , 4> Cb, . on and
Cb,, . oo correspond to the top-right, bottom left and bottom right
elements of the 7-th block matrix in Cy,, ., respectively.

C. Message from i to hyy

We consider the feedback message

145, gy, (i) = el b k(@) 0 1z 5, [B(@p)hyg]dey, (48)
1kihug )

where B(xr) = &g,k @ Iam + g x ® S. The expression (48) result
to a Gaussian distribution of h;;. Due to the expectation (integral)
operation, we get

Coipihy
= <Z Tbo ke, Cz_lir:‘slk t Toy ket 59 STC;}““;”VS (49)
-1
Tby kt, RS Czlktv‘slks + oy anS Czlit,(slk) )
and the mean
ms;ihy, = Coypihyy
: Z(mbm,m,%IQM + mbm,kt‘gs )Cz_””,élkmzlkt?f;lk' (50
t
D. Message from dii, to Zik
The vectorization of Z;; can be expressed as
Zik = Txk © hy + 2ok ® (Shyg). (C29)

The posterior (belief) mean according to the relation (21) becomes

My, =My o @ My, + 1M, o @ (Smbﬁh,z;c) (52)
The correlation matrix of z is:
T
Rbézvlk =R, owp © Rbéhylk + R, e © (Rbsh’lks ) (53)

+ Rog o on @ (SRus, )+ Rog 55 © (SR, ST)

x,k, I3

To make the algorithm trackable, we project bs,, ,, to Gaussian with
block diagonal covariance matrix (block size 2M).

Cbéz,m = blkdiag,,, [Rbéz,m (54)

T
— Ms, mb5z,zk]’

where the operation blkdiag,,,[-] : R2MT*2MT _, R2MTx2MT

keeps only the block matrices of size 2\ along the diagonal while
setting all the other elements to zero. Another treatment is to project
to Gaussian with identical block diagonal matrices:

1
CbézﬁuC =Ir® fblktracmM[Rb&z,lk —my, m{%m], (55)

where blktracegps[] : REMTX2ZMT _ R2MX2ZM qymg over all the
block matrices of size 2M along the diagonal. Thus, the feedback
message becomes

N(Zlk|mb5z,zk ’ Cbéz,zk )

N (zak Mgy 55 Caypisg )

Hopizi (Zik) = (56)
Note that the above division may lead to a message that cannot be
normalized to a distribution.

Define the eigenvalue matrix As,, .z, and unitary eigenvector
Us,,.i2,;, such that Cs,, .z, = U‘Slk%zlkA‘slk?zlkUng;sz' We propose
the following correction: for all X € diag[As,, .z, ], we clip A™" to
the range [107%,10%]. Since we are using the iterative algorithm to
find the fixed point of the BFE, resetting the value will not change
the final result.

E. Message from fhzcg to hy, and Belief at thGg
The posterior belief at fp, Gy is
~ 2
bfhlcg (hng) = N(yp,lg|PUx Z hlk’y C’U,p)
k'€Gy

H Hhyy e, (hyw)p(hyer),
K EG,

(57)

where Hhuyifng, (huk) = s,45h,, (hik). The feedback message is

Py, bk (huy) :/bfhng (hng)dhlE/thng?hzxc(hlk)

y C.,
/ Nl g = > b, poass)

K eGg/{k} (58)
11 Fobyyifiny g, (Bae )P (hur) dhyg
k' €Gg/{k}
Gaussian interference distribution
We denote the interference plus noise mean and covariance as
C,
Cny = (ng) + Z Chyly
k' eGg/{k}
! (59)
Mh - = Z M,y
k'eGg/{k}
where
—_—1 —1 —1
Crjly = (:‘hlk + Chlk?fhlc )
g
1 (60)
Mpyly = Chzk\y(chzk%fhlcg mh”“';fhlcg ):

Due to the Gaussian reproduction lemma [], the feedback message
can be obtained as

fhlG ih

7, (61)
-1 ( Yp)lyg
M fny g, ik thlG shik {Chm (PU% a mhz%)} :
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Algorithm 1 Proposed Method

Require: VI, g, k, Yp.ig, Y1, p(k), p(huk), p(yilzi, . .., 21k )
1: In1t1a11ze All the factor-to-variable messages are set to Zero mean
and unit covariance matrices.

2: [VI, At AP [, execute the following loop]

3: repeat [VI' € N(1)k, g]

4 fhlG :ny, and My, o shg by (60) — (59) —(61)
5: nyL»sz and my, .z, by (65)

6: bsy 1k and mb§ by (62)

T Rb5h T Cbéh Ik + mb% Ik mg—é

8:

Cézk,wk and ms,, ;z, by (40) %h(39) — (42) — 41) —

(38)

9: Compute My, opo My o0 Cop g Cog o
Co, 1 oo Via (45)-(47)

10: Cs,,.hy,, and ms,, 1, by (49) and (50)

11: Cs,pizyy, and ms,, 7, via (52) — (53) — {(54) or (55)} —
(56)

12: until Convergence

I

wa,k,s%

According to relation (58), the mean and covariance matrix of the
belief are

-1
-1
Cbéh,zk - <thlc iy, T C51k,h1k>

_ 1
=Gy, . (cfhlc n

Mbs, 1k Mfny g, bk + Célk hyy, 65y,
(62)
F. Message from fy, to z
The belief at fy, is
by, (Ziry) = N (yil Zzllm Co) [ | teuni sy, (zir), (63)
k

where fiz,, 1, (Zik) = Hs,42,, (Zik). The feedback message is then

obtained by

J bsy, 715y )z
oz fy, (i)

which can be computed to be a Gaussian with mean and covariance
matrix:

Hfy, sz1p (zwx) = (64)

=G, + Z sz;fyl~
k' #£k

mfyl;zlk =Y — Z mzlk?fyl; nyl SZLE
k' #k

(65)

For the algorithm with covariance averaging, the overall complexity

at every AP is O(M3K +M?KT). While the CPU has a complexity

of O(LKT + KT|S|). For algorithms using (54) instead of (55), the
complexity at the APs will be O(M?KT).

V. SIMULATION RESULTS

In this section, we verify the algorithm using numerical simulations.
We consider a 400m x 400m area with M = 16 APs and K = §
UTs. The APs are located at the coordinates (232, 42%5), where
1,7 € {0,...,3}. The UTs are uniformly randomly distributed over

this area. The fading model we use is [6],
o1 k[dB] = —30.5 — 36.7log, o (dux), (66)

where dy, is the distance between AP [ and UT k. To induce pilot con-
tamination, the pilot sequence length is set to P = 4. Furthermore,
the pilots are randomly assigned to the users. We utilize 4-QAM and
16-QAM modulation schemes to generate X, with the data length set
to T' = 16. To ensure fairness in the simulations, power control is
applied for each UT, maintaining equal total received power across

ag Y
5 —— 40AM IQ EP 7
16QAM IQ EP Average Cov
-10 - — O~ 16QAMIQEP 1
—— Genie-Aided IQ
-15 - === Genie Circular Symmetric 4
-------- 16QAM Circular Symmetric EP

& 20 | 4
=3
w - = .
w25
=
Z -30 - T

351 4

a0 b 4

prys 4

-50 1 1 Il Il Il Il Il

-30 -20 -10 0 10 20 30 40 50
SNR (dB)
Fig. 1. NMSE vs SNR

all users. Our proposed method is compared to an alternative BFE-
based approach derived under circular complex Gaussian constraints.
In Genie-Aided scenarios, we assume the user data to be known for
performance benchmarking.

Compared to the complex version of EP [12] with a complexity
of O[(M?® + |S|)KT] at each AP, the complexity of our proposed
method with covariance averaging is O(M*K + M?KT).

VI. CONCLUSIONS

We propose a BFE-constrained optimization algorithm that separates
complex quantities into in-phase and quadrature components, en-
abling it to handle a wider range of messages for approximating
the true posterior. Furthermore, the complexity of the algorithm is
effectively managed by employing averaged covariance matrices.
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